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An upper limit to }I‘gi due to noninfinite gain of the
feedback loop may be obtained by the following experi-
mental technique. First a matched load is connected to
the stabilized output and the magnitude of b; (2) ob-
served. The matched load is then replaced by a sliding
short \‘/vhich is adjusted to produce the maximum change
il’l lbg .
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Since b; is a linear function of b, the value of | bs|
and |8bs| as thus obtained may be substituted in (3) to
obtain an upper limit to the equivalent |Fg| due to
finite gain.

Application of this technique to the stabilizer yielded
a corresponding vswr of less than 1.001 which indicates
this term is negligible in comparison with

< Sust)
Seg — .
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A Simple Attificial Anisotropic Dielectric Medium®

R. E. COLLINY

Summary—The anisotropic properties of an infinite stack of thin
dielectric sheets separated by another set of thin sheets with a
different dielectric constant is investigated. It is shown that the
anisotropic properties are brought about because of the two distinct
modes of propagation which can exist in such a stacked array of
sheets. The limiting forms of the wave solutions and second-order
results for the equivalent dielectric constants are given.

INTRODUCTION

Y LECTROMAGNETIC wave propagation in ho-
mogeneous anisotropic dielectric media is well
= understood and discussed in most text books on
optics.! At optical {requencies, one has to rely on
naturally occurring crystalline media with anisotropic
properties. At microwave frequencies where the wave-
length is much greater, it is possible to construct arti-
ficial dielectric media having either isotropi¢ or aniso-
tropic properties. For example, nonsymmetrical metal-
lic obstacles arranged in a cubical array or symmetrical
(also unsymmetrical) obstacles arranged in a noncubical
»array in a suitable binder will produce an artifical di-
electric with anisotropic properties.? However, this
paper will consider only the anisotropic properties of an

* Manuscript received by the PGMTT, August 23, 1957,

T Elec. Eng. Dept., Case Institute of Technology, Cleveland,
Ohio; formerly with Canadian Armament Res. and Dev. Estab.,
Valcartier, P. Q., Can.

L G. Joos, “Theoretical Physics,” Blackie and Son, Ltd., London,
2nd ed., ch. 19; 1951,

2 G. Estrin, “The effects of anisotropy in a three-dimensional ar-
ray of conducting disks,” Proc. IRE, vol. 39, pp. 821-826; July, 1951.

infinite stack of dielectric sheets as illustrated in Fig. 1.
Each sheet of thickness ¢ and relative dielectric con-
stant k, is separated by a sheet of thickness d and
relative dielectric constant k. In order to behave es-
sentially as a homogeneous medium, the spacing .S must
be small in comparison with the wavelength Ay of the
radiation. Conditions on .S will be given later. Because
of the similar disposition of the sheets with respect to
the ¥ and z axis, it can be anticipated that this medium
will have the same effective dielectric constant along
the ¥ and z axis, but a different effective dielectric con-
stant in the x direction and therefore corresponds to a
uniaxial crystalline medium.
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Fig. 1—An artificial anisotropic dielectric medium.

Before considering propagation in this stacked dielec-
tric sheet medium, the theory of wave propagation in a
homogeneous uniaxial crystalline medium will be briefly
reviewed for later comparison.
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PROPAGATION IN AN HOMOGENEOUS
AN1soTrRoPIC DIELECTRIC

Let the principal dielectric constants be &1, ks, x5 along
the principal axes and let these axes coincide with the
%, ¥, and g axis, respectively. For plane wave propaga-
tion, the electric field has the following form

E = Ew (1)

where E, is a constant vector, n is a unit vector along
the wave normal, and r is the position vector a,x +ayy
4a.z. From Maxwell’s equations one obtains

—jopuH = VX E = — j8n X E, (2a)
. JB?

joD=VX H=">[E — n(n-E)]. (2b)
a7

Eq. (2b) shows that D is always normal to n, but that
D and E are not, in general, colinear. If n- E=0, then
D and E are colinear and must lie in the yz plane. In
this case B2=«ksk¢?, where k is the {ree-space propaga-
tion factor. In general, n- E#0 and hence replacing the
components of E in the first term on the right-hand side
of (2b) by
D, D, D,

2 -
Ks€o

b

Ki€o Ko€p

and solving for the components of D gives

2 T ank,? a,ny + a.n.
D=eon-EE—[ T gt :l 3)
8% — Ry? 6% — kg?

ko?
where &,2=k;ko% Using the result n- D=0 one obtains
the following eigenvalue equation from (3).

k1%ka?
1tk + (1 — n,2)ky?

g = @

For every direction of the wave normal, except along
the optical axis (x axis), two values of the phase velocity
are possible. For one mode, E lies in the vz plane and
8 = k,, while for the other mode E has components along
all three axis in general and 8 is given by (4). The dielec-
tric displacement D for the two modes are mutually
orthogonal and make the same angle with the electric
field as the normal n makes with the direction of the
Poynting vector.

From the above properties of the two modes of propa-
gation, it is readily seen that they may be derived from
a magnetic type and an electric type of Hertzian poten-
tial having a single component along the optical axis.
The ordinary wave is obtained from the magnetic type
Hertzian potential as follows

E = — jouV X My, (5a)

H=V XV Xy, (5b)
and Iy is a solution of

VAL + kMy = 0. (5¢)
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The extraordinary wave is obtained from the eleclric
type of Hertzian potential as follows

1
E = kMg + — VV I,

(6a)
Ko
H = jweV X g, (6b)
and g is a solution of
Ki — K3 62IIE
Vialg + kMg +— ——— = 0. (6¢c)
K2 8x2

When n=a,n,; i.e., coincides with the optical axis, the
solutions generated by Iy and Iy vanish. However,
the solution in this case is a simple plane wave trans-
verse to the x axis and with a propagation constant k.

PROPAGATION IN A STACKED DIELECTRIC
SHEET MEDIUM

If the x axis is considered as the axis of propagation
in the medium illustrated in Fig. 1, then the modes of
propagation are the E and H modes. These modes are
derivable from the electric and magnetic Hertzian po-
tentials, respectively, as follows?

for E modes,

E= o VX VX, (7a)
H = jue,V X Iz, (7b)
Vily — 7(15 V(x)V- Mg + k(x)ke’Tz = 0, (7c)
while for H modes
E = — jopV X Iy, (8a)
H =V XV XTIy, (8b)
VAL, + k(x)kely = O, (8¢)
where
Ka,mS""‘f—S xng—l——i';
G = 2 2

¢
<x< (m+ 1)5‘—7;

and m is any integer. My and II; have components
along the x axis only. In view of the periodic nature of
k(x), the solutions for Iy and I, are of the form?

(9a)
(9b)

HE' = a,,e_fﬁn 'IFE(X:),

I = a.e Bn 'rFM(x> )

3 R. E. Collin and R. M. Vaillancourt, “Application of Rayleigh-
Ritz method to dielectric steps in waveguides,” TRE TraNs., vol.
MTT-5, pp. 177-184; July, 1957. .

¢+ R. E. Collin, “Reflection and transmission at a slotted dielectric
interface,” Can. J. Phys., vol. 34, pp. 398—111; April, 1956,
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where Fz and Fi are periodic functions of « with a
period S. The boundary conditions are continuity of

3HM 1 aHE

» y and II E-
9z k(x) dx

My

The fundamental solutions for IIz and Il are readily
constructed from the independent even and odd solu-
tions of the wave equation. The details are given by
Collin* for a case corresponding to a solution for IT;. A
similar procedure may be used {or Iz but account must
be taken of the modified boundary condition on
0I1z/dx. The solutions for the general case will not be
given here, but rather the limiting forms of these solu-
tions as koS approaches zero. It is found that

Mg — a,e #"Fg(x), (10a)
where

Kg — Kp 14 ¢ [
1 — jBn, <1———>x,——7§x§ )

Ko S
. . Ko — Kp 1 <S >
= 11— jBn, —\===)
]ﬁ Ka S 2
¢ ¢
— < x<S——, (10b)
2 2
k12k22
8% = ’ (10c¢)
12k + (1 — n.)ko?
1 Ko — Kkp 171
K1 = |i’— - _—} ’ (10d)
Ky KaKp S
t
Ko = Kp + (Ka - Kb) i (106)
S
and that
My — a,e 2T 11

where k.2=kko? and k; is given by (10e). The limiting
solution for IT,; is thus a plane wave corresponding to
the ordinary wave in the equivalent homogeneous an-
isotropic dielectric. The limiting solution for Hj is es-
sentially also a plane wave. It is modified by a small
oscillating phase function. The field components are
derivable from Il by means of (7a)—(7c). If these field
components, apart from the propagation factor e—7#77,
are averaged over one period along the x axis, one finds
that the average values are the same as would be ob-
tained for a homogeneous anistotropic dielectric with
relative dielectric constants given by (10d) and (10e).
Thus, in the limit as k4.5 approaches zero the stacked
dielectric sheet medium becomes identical with a homo-
geneous anisotropic dielectric. The maximum aniso-
tropic effect is obtained when

£
< = 050, (12a)
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and for this value of ¢/.S the ratio of the two dielectric
constants is

Kz (ke + x2)?

K1 kK

(12b)

This ratio is not critically dependent on ¢/S. As k, be-
comes much larger than &, this ratio approaches «,/4«s.
For polystyrene sheets separated by polyfoam sheets
and the optimum value of ¢/S, ks/x =1.22.

Even for large values of k¢S this medium has aniso-
tropic properties, because of the existence of two dis-
tinct modes of propagation with different phase veloci-
ties. In fact, for arbitrary large values of k¢S, there are
many modes of propagation. However, provided that
koS satisfies the following inequality, only the two fun-
damental modes will propagate with a wave normal
having real direction cosines,

2w
koS < ——»
v

K

(13)

where « is the largest value of k, or x. This relation is
obtained by imposing the condition that no higher order
mode having the required periodic behavior should
propagate in a homogeneous material with a dielectric
constant k.

The plane wave approximations for Iz and Il are
accurate for that range of &¢S for which the equivalent
dielectric constants are well approximated by (10d)
and (10e). For general values of %,S, second-order ap-
proximations for the equivalent dielectric constants
are,

sz[(Pu + P00)2 - 4A] S2

k' = K —  (14a)
4APw(2Pg — P1y) Ao?
where
A=P00P11—P012,
Ko — Kp 1
Poo = 1 - bt
Ko S
Ko — Ko /2 I3
Py = — bﬁ—sinﬂ'-—;
Ka T
Ko — kp 1 4
P11 = Py — —sin 21—
Ky T
(Ka - Kb)2
ke = kg F ——
o 1672
[32 in? ! -} sin? 2 ting (14b)
- sin?x— < sin? 27 — | —-
S S AN

These two expressions were obtained by an application
of the Rayleigh-Ritz method.? Propagation in the yz
plane was considered and a two term approximation
used for IIz and II,,. The equivalent dielectric constants
were defined so as to give the same phase velocity in an
equivalent homogeneous medium as was actually found
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Fig. 2—Deviation of equivalent dielectric constants from
static values. ko, =2.56, x;=1.03.
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for the stacked dielectric sheet medium. Quadratic ex-
pressions for k' and k)’ were obtained and (14a) and
(14b) were derived by expanding the square roots and
retaining only the lowest power term in S§%/A\,% It is
seen that ki’ and k) reduce to x; and ks, respectively,
whenever koS becomes negligible. Fig. 2 is a plot of

ki — Ky K/

and
K1 K2

— Ko

as a function of S/, for k,=2.56, x,=1.03, and the
optimum value of #/S. For this case, the plane wave ap-
proximation is satisfactory for S less than about 0.3\,.

This artificial anisotropic dielectric has been used as
the basis of a broad-band quarter-wave plate and cir-
cular polarizer,® as well as to improve the impedance
characteristics of a periodically loaded waveguide for
linear accelerator use.® Another use for this medium is
for a microwave version of a Nicol prism for analyzing

s H. S. Kirschbaum and S. Chen, “A method of producing broad-
band circular polarization employing an anisotropic dielectric,” IRE
TrANS., vol. MTT-5, pp. 199-203; July, 1957.

¢ R. B. R. Harvie, ¢t al., “A theoretical and experimental investi-

gation of anisotropic dielectric loaded linear electron accelerators,”
Proc. IEE (London), Pt. B, vol. 104, pp. 273-292; May, 1957.
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Fig. 3—A three-dimensional artificial anisotropic
dielectric medium.

an arbitrary polarized wave into its basic components.

An artificial dielectric medium having three dimen-
sional anisotropic properties can be obtained by making
the structure periodic along two directions as in Fig. 3.
The principal values of the dielectric constants for this
medium can readily be evaluated when the periods Si
and S, are small compared with the wavelength, so that
the static values may be used. When the {ringing fields
around the dielectric prisms are neglected, it is found
that

Sle(fsz + dZKa)

Ky = 3 (153)
Kb(S2d1 -+ l'ﬂz) + t1d2'€a
Sokp(t1kp + dika
g = —albws ¥ 4 ), (15b)
Kb(Sldz + 111‘2) + todikg
=) 150)
L= - . (15¢
K Kp K Kp 5.55
CONCLUSION

The stacked dielectric sheet medium has been shown
to behave like a homogeneous anisotropic dielectric
when the spacing between sheets is small compared with
the wavelength. Furthermore, the principal values of
the dielectric constants are given to sufficient accuracy
by their static values. For larger spacings, the equivalent
dielectric constants are a few per cent greater than the
static values, but the anisotropic properties are retained
because of the existence of two distinct modes of propa-
gation in the medium.
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